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Abstract 

We consider two compacta with minimal non-elementary convergence 
actions of a countable group. When there exists an equivariant continu- 
ous map from one to the other, we call the first a blow-up of the second 
and the second a blow-down of the first. The following are shown: when 
both actions are geometrically finite, one is a blow-up of the other if and 
only if each parabolic subgroup with respect to the first is parabolic with 
respect to the second; any family of compacta with geometrically finite 
convergence actions of a finitely generated group has the smallest common 
blow-up, on which the action is geometrically finite if the family is finite. 
Also we construct two families of uncountably infinitely many blow-downs 
of a given compactum with a geometrically finite convergence action of a 
countable group. 
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1 Introduction 

The notion of geometrically finite convergence groups is a generalized notion 
of geometrically finite Kleinian groups and is deeply related to the notion of 
relatively hyperbolic groups (see Definition 1] and [2§1 Theorem 0.1]). The 
study of convergence groups was initiated in [T2]. Also relatively hyperbolic 
groups have been studied since they were introduced in [TB] (see for example [5] , 
[8], [§] and [23]). In this paper we study blow-ups and blow-downs of compact 
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mctrizable spaces endowed with geometrically finite convergence actions of a 
group by using relative hyperbolicity of the group. We note that the actions on 
such blow-ups and blow-downs are not necessarily geometrically finite. 

Let G be a countable group, which has compact metrizable spaces X and Y 
endowed with minimal non-elementary convergence actions of G. We denote the 
set of maximal parabolic subgroups with respect to X by f)(X) and call $){X) 
the peripheral structure of X. When the action on X is geometrically finite, 
Sj(X) is called a proper relatively hyperbolic structure on G Definition 
2.1]). If X and Y are G-equivariant homeomorphic, then we have Sj(X) = fi(Y). 
Also if we have a G-equivariant continuous map from X to Y, then we have 
Sj(X) — > S)(Y) (Lemma 12. 3f 5)). Here f)(X) — > Sj(Y) means that each maximal 
parabolic subgroup with respect to X is a parabolic subgroup with respect to Y 
(see also the sentence just before Lemma [2?2l) . When there exists a G-equivariant 
continuous map from X to Y, we call X a blow-up of Y and Y a blow-down of 
X. 

Suppose that the actions on X and Y are geometrically finite. If fi(X) = 
Sj(Y), then X and Y are G-equivariant homeomorphic (see [2§1 Theorem 0.1] 
and also [THJ Theorem 5.2]). When we consider fi(X) — »■ f)(Y) instead of 
$)(X) = Sj(Y), we have the following (compare with the second question in 
p2"3l Introduction]): 

Theorem 1.1. Let G be a countable group and X and Y be compact metrizable 
spaces endowed with geometrically finite convergence actions of G. If f)(X) — > 
Sj(Y), then we have a G-equivariant continuous map it : X — > Y . 

For the case where both actions are geometrically finite Kleinian group actions 
which may be higher dimensional, Theorem 11.11 is known by |261 Corollary of 
Theorem 1]. The argument is based on existence of the so-called Floyd maps 
by [TU] and [551 Theorem 1] . Our approach to Theorem 11.11 is different from 
them. Indeed we do not use either Floyd boundaries nor Floyd maps to prove 
Theorem 11.11 

Remark 1.2. For the case where G is finitely generated, it is possible to give a 
simpler alternative proof of Theorem 11.11 under existence of Floyd maps which 
is claimed in [141 Corollary in Section 1.5]. Indeed existence of Floyd maps 
and [15] Theorem A] (or Lemma [23] (4)) imply Theorem 1 1.1 1 for the case where 
G is finitely generated. We note that any geometrically finite Kleinian group 
is finitely generated, but a countable group admitting a geometrically finite 
convergence action is not necessarily finitely generated. 

Remark 1.3. We consider tt : X — > Y in Theorem 11.11 General properties 
of equivariant continuous maps between minimal non-elementary convergence 
actions imply the following (see Lemma 12 .3[) : 

• 7r is surjective; 

• 7r is a unique G-equivariant continuous map from X to Y; 
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• if q £ Y is a bounded parabolic point and H is its maximal parabolic 
subgroup, then 7r _1 (q) is equal to the limit set A(H,X) of the induced 
action of H on X; 

• ido U7r:GUX->GUFis continuous. 

Here G U X and GUF are natural compactifications of G by X and Y (see [131 
Subsection 2.4] and Lemma T2.ip . 

We consider blow-downs of a compact metrizable space endowed with a 
geometrically finite convergence action of G. In fact we construct two families of 
uncountably infinitely many compact metrizable spaces endowed with minimal 
non-clcmcntary convergence actions of G which arc not geometrically finite as 
blow-downs. The first family consists of uncountably infinitely many blow- 
downs with the same peripheral structure: 

Theorem 1.4. Let G be a countable group and let X be a compact metriz- 
able space endowed with a geometrically finite convergence action of G. Then 
there exists a family {^a}a<e{o,i} h °f compact metrizable spaces endowed with 
minimal non-elementary convergence actions of G which satisfies the following: 

(1) for every A e {0, 1} N , Sj(X) = f)(X x ); 

(2) for every A £ {0, 1} N , X\ is a blow-down of X; 

(3) foranyA,A' £ {0, 1} N , X x is a blow-down of X x > if and only if A- 1 ^ 1 }) D 

(4) for any A, A' £ {0, 1} N such that A ^ A', X\ is not G-equivariant homeo- 
morphic to Xy ; 

(5) for every A £ {0, 1} N , the action of G on X\ is not geometrically finite, 
where {0, 1} N is the set of all functions from N to {0, 1}. 

The second family consists of uncountably infinitely many blow-downs with 
mutually different peripheral structures: 

Theorem 1.5. Let G be a countable group and let X be a compact metrizable 
space endowed with a geometrically finite convergence action of G. Then there 
exists a family {YA}_\ g { 01 }N of compact metrizable spaces endowed with minimal 
non-elementary convergence actions of G which satisfies the following: 

(1) for every A £ {0, 1 } N , Sj(X) ± Sj(Y x ); 

(2) for every A £ {0, 1} N , Y\ is a blow-down of X; 

(3) for any A, A' £ {0, 1} N , the following are equivalent: 

• Y\ is a blow-down of Yy ; 

• fi(Y\) ^ Sj(Y x ,); 
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. A _1 ({1}) D A' _1 ({1}); 

(4) for any A, A' e {0, 1} N such that A ^ A', Sj(Y\) is not equal to Sj(Yy). In 
particular, Y\ is not G-equivariant homeomorphic to Y\i ; 

(5) for every A S {0, 1} N , the action of G on Y\ is not geometrically finite. In 
particular, S}(Y\) contains infinitely many conjugacy classes if A _1 ({1}) is 
infinite. 

On the other hand we have the following (compare with Theorem II .4[) : 

Proposition 1.6. Let G be a countable group. Let X be a compact metrizable 
space endowed with a minimal non-elementary convergence action of G and Y 
be a compact metrizable space endowed with a geometrically finite convergence 
action of G. Let ir : X — > Y be a G-equivariant continuous map. If $}(X) = 
S){Y) 1 then 7r is a G-equivariant homeomorphism. 

Let {Xi} iG j be a family of compact metrizable spaces endowed with minimal 
non-elementary convergence actions of G, where / is a non-empty countable 
index set. We consider the diagonal map A : G — 5- ILe/^ u ^») an d the 
closure A(Gj of A (G) in Y[ ieI (GUXi). We denote A(G)\ A(G) by f\ ieI X t . If 
the induced action of G on /Wj -Xj is a convergence action, then /\ ig/ AQ is the 
smallest common blow-up of all Xi, that is, /\ ieI Xi is a common blow-up of 
all Xi and any common blow-up of all Xi is a blow-up of Aigj -X"* ( see Lemma 
12. 611 . Unfortunately we do not know whether the action of G on f\ ieI Xi is a 
convergence action or not when / has at least two elements (see [131 Subsection 
2.4]). We have an affirmative answer if the action of G on Xi is geometrically 
finite for every i £ I and G is finitely generated. In fact we have the following: 

Theorem 1.7. Let G be a finitely generated group. Let {X^i^j be a family 
of compact metrizable spaces endowed with geometrically finite convergence 
actions of G, where / is a non-empty countable index set. Then the action of 
G on /\ ieI Xi is a minimal non-elementary convergence action of G such that 
f){/\ ieI Xi) = f\ ieI S)(Xi). Here a subgroup of G belongs to f\ ieI if and 

only if it is infinite and is an intersection of some Hi G Sj(Xi) for each i e /. 
Moreover if / is finite, then the action of G on /\ igJ Xi is geometrically finite. 

Remark 1.8. If / is infinite, then the convergence action of G on f\ ieI Xi is 
not necessarily geometrically finite (see Remark [TTT3] and also Proof of Theorem 
Oft . 

Remark 1.9. When G is finitely generated, there exist at most countably in- 
finitely many proper relatively hyperbolic structures on G (see [20[ Proposition 
6.4]). Hence there exist at most countably infinitely many G-equivariant home- 
omorphism classes of geometrically finite convergence actions of G. Thus count- 
ability of / is not an essential assumption. Also if a countable group G admits 
a geometrically finite convergence action on a compact metrizable space, G has 
infinitely many geometrically finite convergence actions on compact metrizable 
spaces (see for example [20l Theorem 6.3]). 
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On the other hand the following claims that there exists a family of compact 
metrizable spaces endowed with geometrically finite convergence actions which 
admits no common blow-downs: 

Proposition 1.10. Let G be a countable group and Xq be a compact metriz- 
able space endowed with a geometrically finite convergence action of G. Then 
we have a sequence of compact metrizable spaces endowed with geometrically 
finite convergence actions {X n } n ^ and a sequence of G-equivariant continuous 
surjections {7r„ : X n _i —> X n } n ^ such that lmj ne mX n is not Hausdorff and 
there do not exist any common blow-downs of all X n . 

Let X be a compact metrizable space endowed with a non-elementary con- 
vergence action of a countable group G. The action on X is called the uni- 
versal convergence action if every compact metrizable space endowed with a 
non-elementary convergence action of G is a blow-down of X ([T31 Subsection 
2.4]). Unfortunately we do not know any groups with the universal convergence 
actions. We note that a compact metrizable space endowed with the univer- 
sal convergence action has no proper blow-ups. The following gives a sufficient 
condition that a compact metrizable space endowed with a geometrically finite 
convergence action has no proper blow-ups: 

Proposition 1.11. Let G be a countable group. Let X be a compact metrizable 
space endowed with a geometrically finite convergence action of G. If every 
H 6 $)(X) is not virtually cyclic and has no non-elementary convergence actions, 
then X has no proper blow-ups. 

If G is a non-elementary hyperbolic group, then the action on the ideal boundary 
dG is a geometrically finite convergence action with no parabolic points (see 
[TBI 8.2] and also [TTJ Theorem 3.4 and Theorem 3.7]). Then there exist no 
proper blow-ups of dG ( 13, Subsection 2.5]). We recognize other examples by 
Proposition ! 1 . 1 11 Indeed the limit set of any geometrically finite Kleinian group 
such that the set of maximal parabolic subgroups does not contain virtually 
cyclic subgroups has no proper blow-ups because maximal parabolic subgroups 
are virtually abelian (refer to ^ZT\ Theorem 2U]). Also if a group G is a free 
product of finitely many groups which are either Z fc {k > 2), SL(n,Z) (n > 3) 
or the mapping class group of an orientable surface of genus g with p punctures, 
where 3g +p > 5, then the set of all conjugates of factors of G is a peripheral 
structure of a compact metrizable space endowed with a geometrically finite 
convergence action which has no proper blow-ups (see |Appcndix A| and refer to 
[2"D1 Remark (II) in Section 7]). 

We call a convergence action of G on a compact metrizable space X the 
universal geometrically finite convergence action if the action on X is geomet- 
rically finite and every compact metrizable space endowed with a geometrically 
finite convergence action of G is a blow-down of X. When G is finitely gener- 
ated and has a geometrically finite convergence action, we obtain the smallest 
common blow-up of all compact metrizable spaces endowed with geometrically 
finite convergence actions by applying Theorem 11.71 to a family of representa- 
tives of G-equivariant homeomorphism classes of all compact metrizable spaces 
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endowed with geometrically finite convergence actions. However the action is 
not necessarily geometrically finite (see Remark II . 13|) . On the other hand we 
recognize many examples of groups with the universal geometrically finite con- 
vergence actions. Indeed when a convergence action of G on X is geometrically 
finite, it is the universal geometrically finite convergence action if and only if 
f)(X) is the universal relatively hyperbolic structure on G in the sense of [201 
Definition 4.1] by Theorem 11.11 (see also Lemma [2.31 (5)) and we know many 
examples of groups with the universal relatively hyperbolic structures (see [30J 
Remark (II) in Section 7]). The following is equivalent to an open question (see 
[3J Question 1.5] and also [20J Remark (IV) in Section 7]): 

Question 1.12. Does every finitely presented group with a geometrically finite 
convergence action have the universal geometrically finite convergence action? 
Does every torsion-free finitely generated group with a geometrically finite con- 
vergence action have the universal geometrically finite convergence action? 

Remark 1.13. We consider the smallest common blow-up of all compact metriz- 
able spaces endowed with geometrically finite convergence actions of the so- 
called Dunwoody's inaccessible group J. It follows from [31 Section 6] that J 
does not have the universal relatively hyperbolic structure (see also [SDJ Remark 
(IV) in Section 7]). In particular the action is not geometrically finite. We note 
that J is finitely generated but neither finitely presented nor torsion-free. 

In Section [2] we gather and show some properties of convergence actions. 
Also Propositions 1 1 . 61 and 1 1 . 1 ll are proved. In Section [3j we recall some termi- 
nologies about augmented spaces in [17]. In Section HI Theorem 1 1.1 1 and Propo- 
sition 11.101 are proved. Also a corollary of Theorem 11.11 for semiconjugacies is 
shown (Corollary I4.4[) . In Section [SJ we prove Theorem 11.41 and Theorem 11.51 
In Section [6l Theorem 11.71 is proved. In |Appcndix A| a criterion for countable 
groups to have no non-elementary convergence actions is shown. In |Appcndix B| 
we give a remark on hyperbolically embedded virtually free subgroups of rela- 
tively hyperbolic groups. 

2 Convergence actions and peripheral structures 

In this section, we recall some definitions related to convergence actions and 
geometrically finite convergence actions of groups (refer to [37], [2H], [5] and [I]) 
and show some properties. 

Let G be a countable group with a continuous action on a compact mctrizable 
space X. The action is called a convergence action of G on X if X has infinitely 
many points and for each infinite sequence {gi} of mutually different elements 
of G, there exist a subsequence {gi 5 } of {gi} and two points r, a £ X such that 
9ij\x\{r} converges to a uniformly on any compact subset of X \ {r} and also 
g^. \x\{a} converges to r uniformly on any compact subset of X \ {a}. The 
sequence {g.^ } is called a convergence sequence and also the points r and a are 
called the repelling point of {<?i, } and the attracting point of {g^}, respectively. 
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We fix a convergence action of G on a compact metrizable space X. The 
set of all repelling points and attracting points is equal to the limit set A(G, X) 
([271 Lemma 2M]). The cardinality of A(G,X) is 0, 1, 2 or oo ([27J Theorem 2S, 
Theorem 2T]). If #A(G,X) = oo, then the action of G on X is called a non- 
elementary convergence action. When the action of G on X is a non-elementary 
convergence action, G is infinite and the induced action of G on A(G,X) is a 
minimal non-elementary convergence action. We remark that #A(G, X) = if 
G is finite by definition. Also G is virtually infinite cyclic if #=A(G,X) = 2 (see 
[271 Lemma 2Q, Lemma 2N and Theorem 21]). An element I of G is loxodromic if 
it is of infinite order and has exactly two fixed points. For a loxodromic element 
/ G G, the sequence is a convergence sequence with the repelling point 

r and the attracting point a, which are distinct and fixed by I. We call a 
subgroup H of G a parabolic subgroup if it is infinite, fixes exactly one point 
and has no loxodromic elements. Such a point is called a parabolic point. A 
parabolic point is bounded if its maximal parabolic subgroup acts cocompactly 
on its complement. We call a point r of X a conical limit point if there exists 
a convergence sequence {gi} with the attracting point a e X such that the 
sequence {g%(r)} converges to a different point from a. A convergence action 
of G on X is geometrically finite if every point of X is either a conical limit 
point or a bounded parabolic point. Since X has infinitely many points, every 
geometrically finite convergence action is non-elementary. Also since all conical 
limit points and all bounded parabolic points belong to the limit set, every 
geometrically finite convergence action is minimal. 

The following claims that a compact metrizable space X endowed with a 
minimal non-elementary convergence action of a countable group G naturally 
gives a compactification of G (refer to [13j Subsection 2.4]): 

Lemma 2.1. Let G be a countable group and X be a compact metrizable space 
endowed with a minimal non-elementary convergence action of G. Then X gives 
a unique compactification of G such that the natural action of G on G U X is a 
convergence action whose limit set is X . 

Proof. The space X gives a compactification of 03 (X) := {{p, q,r} \ p,q,r £ 
X,p ^ q,q ^ r,r ^ p} (see [H p.4]), which we denote by G>3(X) U X. We take 
o G &3(X). Since the action of G on 03(X) is proper, f Q : G 3 g — s> go G 0a(X) 
is proper. Hence the union GU„I of G and X with a topology induced by this 
map is compact. We prove that X gives a compactification of G, that is, G is 
dense in G U D X. Since G is infinite and f is proper, we have a point p of X 
that is an accumulation point of the orbit Go. Since the action of G on X is 
minimal, every point of X is an accumulation point of Go. Then G is dense in 
G U X. Since the natural action of G on 3 (X) U X is a convergence action 
whose limit set is X (refer to [H p.8]), the induced action of G on G U Q X is a 
convergence action whose limit set is X. 

We assume that for each k — 1,2, GU^X is a compactification of G by X 
and the natural action of G on G Ufe X is a convergence action whose limit set 
is X. We prove that the map from G Ui X to G U2 X induced by idc : G — > G 
and «dx : X — > X is continuous. We take a sequence {<m} which converges to 
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X\ £ X in G Ui X. We take an accumulation point X2 £ X and a subsequence 
{<? nj } such that g ni —> X2 in GU2X. We take a convergence subsequence {g nij } 
with respect to both GUi X and G U2 X. Then the attracting points in G Ui X 
and GU2X are xi and X2, respectively. We take an element i£l which is not 
the repelling point in either G Ui X or G U2 X. We have g ni x —> x\ in G Ui X 
and g nj . a; — » 0:2 in G U2 X. Since we can consider g ni . a; — >• x\ and <? ni . a; — > X2 
in X, we have X\ = X2- Hence g n converges to X\ in G U2 X. □ 

Let G be a countable group. For a compact metrizable space X endowed 
with a convergence action of G, the set $j(X) of all maximal parabolic subgroups 
is conjugacy invariant and almost malnormal, that is, Pi n H2 is hnite for any 
different Hi,H2 £ •ftPO and every H £ £)P0 is equal to its normalizer in G 
( |201 Lemma 3.3]). We call F)(X) a peripheral structure of X. In general we 
dchne a peripheral structure on G as a conjugacy invariant and almost malnor- 
mal collection of infinite subgroups of G. For a family {S)i}i^i of peripheral 
structures on G, we define 

f\ $)i := {P C G I P is infinite and P = f] H t for some P^ £ S)i for each z £ J}, 

which is also a peripheral structure on G. For two peripheral structures and 
^ on G, we put ^ — > Sj if for any K £ M., there exists H £ Sj such that K C H. 
We have the following about — > ([20, Lemma 3.4]): 

Lemma 2.2. Let G be a countable group. Then — > is a partial order on the 
set of peripheral structures on G. 

We show some basic properties related to equivariant continuous maps be- 
tween compact metrizable spaces endowed with convergence actions (refer to 
P~3j Subsection 2.3 and Subsection 2.4] about Lemma \2. 31 (1). (2) and (3)). 

Lemma 2.3. Let G be a countable group. Let X and Y be compact metrizable 
spaces endowed with minimal non-elementary convergence actions of G. Sup- 
pose that there exists a G-equivariant continuous map it from X to Y. Then 
we have the following: 

(1) 7r is surjective; 

(2) 7r is a unique G-equivariant continuous map from X to Y; 

(3) if r £ Y is a conical limit point, then 7r~ 1 (r) consists of one conical limit 



(4) if q £ Y is a bounded parabolic point and H is its maximal parabolic 
subgroup, then 7r — 1 (g) = A(P, X); 



point; 



(5) 



(6) 



idc Uir : GU X — > GUY is continuous. 
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Proof. (1) Minimality of the action on Y implies that tt is surjective. 

(2) Suppose that tt' : A — > Y is a G-equivariant continuous map. We take 
any p £ A. There exists a convergence sequence {gi} whose attracting point is 
p. Then tt' {p) as well as tt(p) is the attracting point of the convergence sequence 
{gi}. Hence we have tt(p) = tt'(p). 

(3) Suppose that r £ Y is a conical limit point. Then we have a convergence 
sequence {gi} with respect to Y such that the repelling point is r and gir 
converges to b £ Y which is different from the attracting point a £ Y. We 
take a convergence subsequence {<7i } of {gi} with respect to X. We have the 
repelling point r' £ X and the attracting point a' 6 A. Also we can assume 
that gi-r' converges to b' £ X. Then we have 7r(r') = r, 7r(a') = a and 7r(6') = fe. 
Since a ^ b, we have a' =/= b' . Hence r' is a conical limit point. Assume that 
there exists z £ 7r _1 (r) such that z ^ r' . Then we have g^z — > a' and thus 
gi .r — > 7r(a') = a. This contradicts the fact that a ^ b. 

(4) Clearly we have A(H,X) C 7r _1 (g). Since A(H,X) has at least one 
point, we assume that 7r — 1 (g) has at least two points. We prove that TT~ 1 (q) C 
A(H, X). Since g £ Y is a bounded parabolic point, we have a compact subset 
K C y \ {q} such that ffif = Y\ {q}. We have Htt' 1 ^) — X \ 7r _1 (g). For 
any x £ 7r _1 (g), we have a convergence sequence {gi} whose attracting point is 
x. If {gi} have a subsequence whose elements belong to a right coset of H, then 
ir. 6 A(H,X). We assume that all elements of {gi} belong to mutually different 
right cosets of H and does not belong to H. Then we have some h! i £ H and 
T{ £ G\H such that gi = h'^i for any i. Since 7r" 1 (q) has at least two points, we 
have a point x' £ vr _1 (g) that is not the repelling point of {gi}. Hence we have 
hl^ix' — > x and r,x' ^ tt - 1 (g) . We have h" £ H and k[ £ tt~ 1 {K') such that 
T\x' = h'lk\. Now we have a sequence {/ij := h^h"} of _ff and {k^} of 7r — 1 (JsT) 
such that hikl x in A. Since x ^ iJ7r~ 1 (A), we can assume that {ft^} is 
a sequence of mutually different elements. We take a convergence subsequence 
{hi } with respect to X. Both its attracting point a and its repelling point r 
are in 7r _1 (g). Since 7r _1 (A) is compact and does not contain r, faj. (7r — 1 (i^ )) 
uniformly converges to a. Then h^k^. must converge to a. Now we have x — a. 
Hence 7r- x (g) C A(H,X). 

(5) We prove fi(X) -> ^(y). We take A £ Sj(X) with the hxed point p. 
Then n(p) is fixed by K . Assume that there exists a loxodromic element / £ G 
with respect to Y such that 7r(p) is the repelling point of {l n } n efi- Since 7r(p) 
is conical, 7r _1 (7r(p)) = {p} by Lemma [2~!3l (3). Hence I fixes p and thus I £ K. 
Hence I has the only fixed point tt{p). This contradicts the assumption that / 
is loxodromic. Hence tt(j>) is a parabolic point with a parabolic subgroup K. 

(6) We take a sequence {g n } which converges to x £ X in G U A. We 
take any accumulation point y G Y of {(?«} and a subsequence {g ni } such that 
<7 nj — > y in G U Y . We take a convergence subsequence {g nj . } with respect to 
both G U A and GUY. The attracting points in G U A and G U Y are x and y, 
respectively. Then x and y are the attracting points in A and Y, respectively. 
Hence we have tt(x) — y. Thus we have g n — > y in G U Y. □ 

Proof of Proposition \1.6i This follows from Lemma \2. 31 (1). (3) and (4). □ 
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Proof of Provosition [77771 Assume that every H G Sj(X) is not virtually cyclic 
and has no non-elementary convergence actions. Let Y be a, compact metrizable 
space endowed with a non-elementary convergence action of G and ir : Y — >• X 
be a G-equivariant continuous map. By the assumption, every H S Sj(X) is a 
parabolic subgroup with respect to Y and hence we have ft(X) — > Sj(Y). On 
the other hand Lemma [2.31 (5) implies that we have Sj(Y) — > Sj(X). We have 
f)(Y) = f)(X) by Lemma [2721 Hence it follows from Proposition 11.61 that ir is a 
G-equivariant homeomorphism. □ 

Lemma 2.4. Let G be a countable group and X and Y be compact metrizable 
spaces endowed with geometrically finite convergence actions of G. Let (p : G 
G be an automorphism of G. Suppose that (f>($)(X)) = fj(Y). Then we have 
a homeomorphism $ : X —> Y such that &(gx) — <fc(g)&(x) for any g G G and 
any a; S X. Moreover 0U<£>:GUX— >GUFisa homeomorphism. 

Proof. When we denote the action on X by p : G — > Homeo(X), po <\T X : G — > 
Homeo(X) is another action on X. We denote the compact space X with the 
action p o <\r x by X^. Then p o _1 is a geometrically finite convergence action 
of G and the set of maximal parabolic subgroups is nothing but (f>(S)(X)). Then 
idx ■ X — ¥ X^ satisfies that idx(p(g)x) — pocf)^ 1 (<p(g))idx (x) for any g e G and 
any x <E X. Obviously <j> U idx ■ G U X — >• G U is a homeomorphism. Since 
(f>(Sj) is a proper relatively hyperbolic structure, there exists a G-equivariant 
homeomorphism $' : X^ — )> Y (see [29j Theorem 0.1] and also [HI Theorem 
5.2]). Then idc U $' : G U -X^ — > G U Y is a G-equivariant homeomorphism 
(Lemma 12.31 (6)). Hence $ := $' o idx '■ X — >• Y satisfies the conditions. □ 

The following definition is based on [13j Subsection 2.4]: 

Definition 2.5. Let G be a countable group and {Xi}i £ i be a family of compact 
metrizable spaces endowed with minimal non-elementary convergence actions of 
G, where / is a non-empty countable index set. When we consider the diagonal 
map A : G -> U ieI (G U X % ) and the closure A(G) of A(G) in ]\ ieI {G U Xj), 
we denote A(G) \ A(G) by A i£/ X. 

Lemma 2.6. Let G be a countable group and {Xi} ie j be a family of compact 
metrizable spaces endowed with minimal non-elementary convergence actions of 
G, where / is a non-empty countable index set. Let Z be a compact metrizable 
space endowed with a minimal non-elementary convergence action of G and 
TTi : Z — > Xi be a G-equivariant continuous map for every i € I. Then the image 
01 II n i '■ % —> ILe/ is Aie/ ^i- Also the action of G on /Wj X is a minimal 
non-elementary convergence action such that Sj(/\ ieI Xi) = f\ ieI Sj(Xi). In 
particular f\ i£l Xi is the smallest common blow-up of all JQ. 

Proof. Since A U Jlie/ ^ : G U Z — > riipj^ U -^t) * s continuous by Lemma l2~T3l 
(6), the image is compact and A(G) is dense in the image. Hence the image is 
equal to A(G) and thus the image of Z is /\ ieI Xi. 

Since f\ ieI Xi is the image of Y[ fi : Z — > Ilie/ an d the action of G on 
Z is a minimal non-elementary convergence action, the action of G on /Wj Xj 
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is a minimal non-elementary convergence action. We take Hi £ Sji for every 
i E I. If f] ieI Hi is infinite, then {di}^ £ Y\ ie jXi is an element of f\ ieI Xj, 
where is the parabolic point of Hi for every i 6 I. Also {ai} ie j is fixed by 
f] ieI Hi. If {ai} ieI is fixed by g £ G of infinite order, then is fixed by g for 
every i £ / and thus g belongs to Hi for each i £ /. Hence {o.i}ig/ is a unique 
fixed point of g and thus g is not loxodromic with respect to f\ i€l Xi. Thus 
Hi is a parabolic subgroup with respect to f\ ieI Xi. In particular we have 
A ieI fi(Xi) -> ^(A ie/ ^i)- Next we prove £(A; e j X*) -> /\ ieI Sj(Xi). We take 
a parabolic point {cti}ig/ £ Aig/ ^ with the maximal parabolic subgroup L £ 
-£)(Aig/ Then is fixed by L for every i E I. We assume that there exists a 
loxodromic element I £ G with respect to Xi fixing for some i £ /. Since ai is 
conical, {di}ig/ is conical by Lemma [23] (3). This contradicts the fact that any 
conical limit point is not parabolic ( [28j Theorem 3A]). Hence L is a parabolic 
subgroup with respect to Xi for every i £ /. Now we have Sj(/\ ieI Xi) — > 
f\ ieI Sj{Xi) and thus ^(A ieJ Xi) = A ieJ £pQ) byLemmagJ ' ' □ 

The first part of the following is a special case of [13j Corollary 1 of Propo- 
sition P]. We give a proof for readers. 

Lemma 2.7. Let G be a countable group. Let ({Xi}i 6 /, {<fiij : Xj — > X^jyi) 
be a projective system of compact metrizable spaces endowed with minimal 
non-elementary convergence actions of G and G-equivariant continuous surjec- 
tions, where / is a non-empty countable directed set. Then the projective limit 
^mjg/Xj is a compact metrizable space with a minimal non-elementary conver- 
gence action of G. 

Moreover l^nijg/Xj and Aig/ Xi are G-equivariant homeomorphic. 

Also if r = {ri}i<=i £ ^imjg/Xj is a conical limit point, then there exists i <E I 
such that Ti £ Xi is a conical limit point. 

Proof. Since / is countable, lim jg/Xj is a compact metrizable space. We take an 

element g £ G of infinite order. Let a,i £ Xi be the attracting point of {g k }k£N 
for any i £ /. For any <pij : Xj — » X$, we have <pij(aj) = a*. Hence {cti}ig/ is an 
element of ^im jg/Xj. Since Ga^ is dense in Xi for any i £ /, G{di}ig/ is dense 
in lining jXj. 

Since we can take a sequence {X^jngN such that lim jg/Xj = lim ra gpfXi n , 
we assume that J = N. We take any sequence {<? n }rieN consisting of mutu- 
ally different elements of G. We take inductively a convergence subsequence of 
{<7ra}ngN with respect to Xi for every i £ N. First we take a convergence subse- 
quence {g n ,i}neN °f {ffm}ties with respect to X\. When we have a convergence 
subsequence {g n ,i\neH with respect to Xi, we take a convergence subsequence 
{ffn, 4 +i}neN of {g n ,i}neN with respect to X i+1 . Then the subsequence {gi,i}igN 
is a convergence sequence with respect to h^n jg/Xj. 

By universality of the projective limit, we have a G-equivariant continuous 
map from Aig/ X to lining 7 X^. On the other hand we have a G-equivariant 
continuous map from ^jmjg/Xj to Aig/ X by Lemma 12.61 Then ^imig/Xi and 
Aig/ Xi are G-equivariant homeomorphic by Lemma 12.31 (2). 
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Suppose that r — {rA-i^i G ^nijg/JQ is a conical limit point. Then we 
have a point b = {&i}ieJ G ^mj^jXj and a convergence sequence {g n } with the 
attracting point a = {cii}i e j G lining such that r is the repelling point, 
converges to b and 6 is not a. There exists Iq G / such that 6i ^ ai . Hence ri 
is a conical limit point. □ 



3 Relative hyperbolicity and augmented spaces 

In this section, we recall some terminologies about augmented spaces in |17) and 
show some lemmas. 

Let G be a countable group and EI be a finite family of proper infinite 
subgroups of G. We denote the family of all left cosets by a := [J H£M G/ H . 
We take a left invariant proper metric g?g on G. We recall the definition of the 
augmented space X(G,M, d G ) (see [T71 Section 3] and also [TH1 Section 4]). We 
put Z> := N U {0}. Its vertex set is G U (G x {0}) U LUeaO 4 x Z >o)/ ~, 
where G3j~(j,0)eGx {0} for any g G G and G x {0} 3 (a, 0) ~ (a, 0) G 
A x {0} for any A e a and a G A Its edge is either a vertical edge or a 
horizontal edge: a vertical edge is a pair {(a, ti), (a, £2)} G A x Z>o such that 
\ti — 1 2 | = 1 for A e a; & horizontal edge is a pair {(ai,i), (02, t)} C i x Z>o 
such that < dc(ai,a,2) < 2* for A G a or a pair {31,172} C G such that 
< do (51,52) < 1. We remark that G is finitely generated relative to H if 
and only if there exists a left invariant proper metric do on G such that the 
augmented space X(G,M,dc) is connected. We suppose that the augmented 
space X(G, H, do) is connected. Then it has the graph metric dx(G,n,d a )- Also 
S := {5 G G I < d G {e, g) < 1} is a finite relatively generating set, that is, S is 
a finite subset of G and G is generated by «S'UlJ ffgH H. We consider the relative 
Cayley graph r(G,H, 5 1 ). Its vertex set is G. Its edge is a pair {51,52} C G 
such that < ^(51,52) < 1 or a pair {01,02} C A such that ai 7^ 02 for 
A E a. Then the relative Cayley graph r(G, H, S) is connected and has the 
graph metric. When we consider a left invariant proper metric d# := dalnxH 
on each H G H, X(H, {H}, dn) is identified with the full subgraph of H x Z>o in 
X(G, H, d G ). For any A = gH G a, the full subgraph of A x Z> in X(G, B^d G ) 
is gX(H, {H},dH) G X(G,H,dG), which is called a combinatorial horoball on 
A in X(G,M,dG)- We take A = gH G a and 51,52 G A such that 51 7^ 52. 
We consider a path 7 in X(G,H,<i(3) from g\ to 52 that is contained in the 
combinatorial horoball gX(H, {H}, do) as follows: if < dc(gi, 52) < 1, then 
7 is a path of one edge from (51,0) G gH x Z> to (52,0) G gH x Z> ; if 
2 n_1 < dQ(gi,g 2 ) < 2" for some n G N, then 7 runs on vertices of gH x Z> 

(51,0), (51,1), (51, 2),.-. , 

(01,71 - 1), (01,71), (02, n), (02,71 - 1), 

•■• ,(0 2 ,2), (02,1), (02,0) 

in order. We call such a path the H- typical quasigeodesic from gi to 52. Indeed 
we can easily confirm that there exist constants /iq > 1 and Cq > such 
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that every i7-typical quasigeodesic is a (fi , Co)-quasigeodesic in X(G,H.,cLg) 
for every H 6 H. 

We summarize some results in [18, Sections 3, 4, 5] as follows: 

Theorem 3.1. Let G be a countable group and EI be a finite family of proper 
infinite subgroups of G. Then G has a compact metrizable space X endowed 
with a geometrically finite convergence action of G such that H is a set of 
representatives of conjugacy classes offi(X) if and only if G is not virtually cyclic 
and there exists a left invariant proper metric do on G such that X(G, H, do) is 
connected and hyperbolic. When X(G,M,dc) is connected and hyperbolic for 
a left invariant proper metric da on G, the action of G on the ideal boundary 
dX(G, H, do) is a geometrically finite convergence action such that H is a set 
of representatives of conjugacy classes of Sj(dX(G, H, da)) and also the action 
of G on X(G, H, do) U dX(G, H, c/g) is a convergence action whose limit set is 
8X(G,M, d G ). 

Let G be a countable group and i be a finite family of proper infinite 
subgroups of G. Suppose that G is not virtually cyclic and has a left invariant 
proper metric da on G such that X(G, H, da) is connected and hyperbolic. We 
consider the following maps: 

z H : G^X(G,H,d G ); 
7r H :X(G,H,d G )^r(G,H,5), 

where in is the natural embedding and ttm is the natural surjection. Then 7th °«h 
is also the natural embedding. 

Lemma 3.2. Let G be a countable group and H be a finite family of proper infi- 
nite subgroups of G. Suppose that G is not virtually cyclic and has a left invari- 
ant proper metric do on G such that X(G, H, do) is connected and hyperbolic. 
We consider the subset i m (G) U <9X(G, H, d G ) c X(G,M,d G ) U dX(G, H, d G ). 
Then the action of G on «h(G) U dX(G, H, d G ) is a convergence action whose 
limit set is dX(G,M,d G ). 

Proof. We prove that any point of dX(G,M,dc) is an accumulation point of 
im(G) in the compact space X(G,M,da) U dX(G, H, d G ). Since the action of 
G on X(G,M, da) is proper, zh(G) is unbounded in X(G, H, d G ). Hence we 
have a point p of dX(G, H, (i G ) that is an accumulation point of «h(G). Since 
the action of G on 9X(G, H, d G ) is minimal, every point of dX(G, H, d G ) is an 
accumulation point of in(G). □ 

Remark 3.3. We note that iw(G) U dX(G,M, S) induces a compactification 
G U 9X(G, H, S) of G. The notations G U <9X(G, H, S) on the above and G U 
9X(G, H, S 1 ) in Lemma \2. II are compatible by Lemma [27T1 

We identify «h(G) and 7Th o ih(G) with G and also identify %(<?)> ""H *h(5) 
with g for every j £ G. For any locally minimal path 7 without backtracking 
in r(G, H, S), by replacing every ii-component of 7 with the H- typical quasi- 
geodesic for every H € H, we have a path 7' in X(G, H, rf G ), which we call the 
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typical lift of 7. See [23] about locally minimal paths without backtracking. 
The following is a special case of [5l Lemma 7.3] (see also [T8j Lemma 6.8]): 

Lemma 3.4. Let G be a countable group and i be a finite family of proper 
infinite subgroups of G. Suppose that G is not virtually cyclic and has a left 
invariant proper metric da on G such that X(G,M,da) is connected and hy- 
perbolic. For any constants fi > 1 and C > 0, there exist constants // > 1 
and C" > such that the typical lift of any locally minimal (/i, C)-quasigeodesic 
without backtracking in T(G, H, S 1 ) is a (//, C")-quasigeodesic in X(G, H, c?g). 

Lemma 3.5. Let G be a countable group and i be a finite family of proper 
infinite subgroups of G. Suppose that G is not virtually cyclic and has a left 
invariant proper metric do on G such that X(G, H, da) is connected and hyper- 
bolic. Then for each pair of constants (//, G) with /1 > 1 and G > 0, there exists 
a non-decreasing function fi — f^' C ' ; [0, 00) — > [0, 00) such that fi(N) — > 00 
as N 00 and fi satisfies the following: for any A — gH £ a, any gi,g2 £ A 
such that gi ^ g2, any (/x, C)-quasigeodesic 7 in X(G, H, c?g) from gi to 52, and 
any iV > 0, if dx(G,H,d G ) (e, £fo) > iV for i = 1,2, then dx(G,H,d G )( e >7) > /iW- 

Proof. There exist constants /io > 1 and Co > such that any if-typical quasi- 
geodesic is a (^o> Go)-quasigeodesic in X(G,H, do) f° r every H £ H. 

We put <i# := dG|i?xH- There exists a constant ci > such that gX(H, {H}, dn) 
is a ci-quasiconvex subgraph of X(G,W,dc) for every A = gH £ a because 
X(G,M,da) is hyperbolic and we can easily confirm that there exist constants 
Mi > li c i > such that gX(H,{H} } dn) is a c^-quasi-isometrically em- 
bedded subgraph of X(G, H, do) for every A = gH £ a. 

Wc fix a vertex (a, 0) £ A x {0} that is one of the nearest vertices from e 
for every A £ a. Then there exists a constant C2 > such that any geodesic 
from e to any vertex in gX(H, {H}, dn) intersects the C2-neighborhood of (a, 0) 
in X(G,M,dc) for any A = gH £ a because X(G, H, do) is hyperbolic and 
gX(H, {H}, dn) is ci-quasiconvex for any A = gH £ a. 

We take A = gH £ a, g\,gi £ A such that gi ^ g2- We denote the ff-typical 
quasigeodesic from g\ to 52 by 70. Now we claim that 

11 G 

dx(G,w,dG)( e > v ) ^ — m jn n d x(GM,d G ){a,gi) 2c 2 

/LtO * =1 > 2 i Mo 

for any vertex v of 70. Indeed we have v — (<?;, m) for some i £ {1, 2} and some 
m > 0. We fix i on the above and denote the H- typical quasigeodesic from a to 
gi by 7,. We put 

:= max{n | (gi, n) is a vertex of 7i}. 

For each < k < n*, we denote the length of the segment of ji with endpoints 
a and (gi, k) by l(k). Since 7* is a (/io, Go)-quasigeodesic, we have 

Modx(G,Br,d G )(a, (gi,k)) + C > l(k). 
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Also we have 



Hence if to < m, then 



Mo<ix(G,H,d G )(a, (9t,m)) + C > ^d x(GMAG} {a, Si)- 

Also if to > m, then dx(G,H,d G )(a, (ft, m )) > dx(G,H,d G ) (a, (ffi, n*)) and hence 
Mod X (G,H,d G )(a, {gum)) + C > /Uorfx(G,H,d G )(a, (ffi, + C 

Thus we have 

Morfx(G,H,d G )(a ; u ) + C > 2^X(G,H,dG)(ffl)fl , »)- 

Since it follows from the choice of c 2 that 

dx(G,M,da){ e ' V ) ^ d x{GMAG) {e, a) + C?x(G,H,d G ) («, v ) - 2c 2 

> dx(G,H,d G )(o,u) - 2c 2 , 

the claim follows. 

We take A > and suppose that e?x(G,H.d G )( e : g») > A for i = 1,2. If 
dx(GM-dG){ e T a ) — 7T' then it follows from the choice of a that 

2JV 

^x(G,H,d G )(e,7o) > d X (G,u,d G ){e,a) > —■ 
If rfx(G,H,d G )(e,a) < ^ , then 

AT 

^x(G,H,d G )( a ,3i) > d X (G,m,da){ e '9i) - rf x(G,H,d G )( e , a ) > y 

for z = 1,2. Hence the claim above implies that 

A Cq 

dx(G,H.d G )(e,7o) > 2c 2 . 

We note that M. > JL - - 2c 2 . 

3 6^10 Mo 

There exists a constant c 3 > such that any {n, C)-quasigeodesic 7 from gi 
to (72 is contained in the c 3 -neighborhood of 70 because X{G, H, dc) is hyperbolic 
and 70 is a {fi , Co)-quasigeodesic. Hence we have 

A Cq 

d X (GM,d G ){e, r r) > a 2c 2 - c 3 . 

Thus we obtain a desired function fi which is defined by f\ { N) = max j ^ — — 2c 2 — c 3 ,o|. 

□ 
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4 Proof of Theorem 11.11 



We fix some notations in this section. Let G be a countable group. Let X and 
Y be compact metrizable spaces endowed with geometrically finite convergence 
actions of G such that fi(X) — > $)(Y). Let K and H be sets of representatives 
of conjugacy classes of Sj(X) and f)(Y), respectively and satisfy that for any 
K £ K, there exists if € H such that K C H (see [5D1 Lemma 3.5]). Let da be a 
left invariant proper metric on G. By rescaling do if necessary, we assume that 
G is generated by Sl){J Kl - K K , where S := {g £ G | < dc(e, g) < 1}, and that 
any H £ H is generated by (SnH)U{J KeKH K, where K H := {K £ K \ K C H}. 
Obviously G is also generated by S U Uhsh H- We consider the augmented 
spaces X(G, H, c?g) and -^(G, K, dc) and the relative Cayley graphs L(G, H, 5) 
and r(G, IK, S 1 ). We have the following commutative diagram: 

G -^_> G 
X(G,K,d G ) > X(G,H,d G ) 

f(G,IK,5) ► r(G,H,S). 

We identify im(G), ?k(G), 7th o in(G) and 7tk o zk(G) with G and also identify 
«h(sO, 7TH ° «h(s) and 7r K o i K (g) with 3 for every g £ G. 

Since G properly isometrically acts on X(G,K,cIg) and X(G,M,cIg), the 
induced metrics i^dx(G,K,d G ) and ijjdjf (G.H.d G ) on G are left invariant proper 
metrics on G. It is well-known that such metrics are coarsely equivalent. In 
particular we have the following: 

Lemma 4.1. There exists a non-decreasing function f% : [0, 00) — > [0, 00) sat- 
isfying f% (t) — > 00 as t ~ > 00 such that for any gi,g 2 G G, 

f2(dx(G,K,d G )(9li 92)) < d X (G,H,d G )(9l>92)- 

The following is [311 Proposition 3.8]: 

Lemma 4.2. There exist constants /x > 1 and G > such that for any geodesic 
7 H in r(G,H, S), its minimal lift 7 K is a locally minimal (/i, G)-quasigeodesic 
without backtracking in T(G,K, S). Here a minimal lift 7 K of 7 H is a path given 
by replacing every i?-component of 7 H with a geodesic in T(H, Kjj, H D 5) for 
every JJ el 

The following is based on the proof of [HI Lemma 2.1]: 

Lemma 4.3. Suppose that for any N > there exists M > satisfying the 
following: if a geodesic 7k in X(G,K, da) from gi £ G to g 2 £ G satisfies 
dx(G.K,d G )(enK) > M, then every geodesic 711 in X(G,M,d G ) from g x to g 2 
satisfies dx(G,H,d G )(e, 7h) > ^V- Then the identity map zd G : G — > G extends to 
a G-equivariant continuous map from G U dX(G, K, dc) to G U dX(G, H, c£ G ). 
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Proof. Suppose that the identity map id G ■ G — > G cannot extend to a G- 
equivariant continuous map from GU dX(G, K, d G ) to G U dX(G, H, do)- Then 
it follows from Lemma 13.21 and Remark 13.31 that we have two sequences {g n }, 
{g' n }, a point q G dX(G, K, da) and two different points p,p' G dX(G, H, d G ) 
such that 5„ — > g, 5^ — > g in X(G, K, do) U dX(G, K, d G ), and g„ — >• p, 5^ — > p' 
in X(G, H, d G ) U9X(G, H, do)- We take a geodesic 7k, k in X(G, K, d G ) from g n 
to 5^ and a geodesic ya,n in X{G, H, d G ) from g„ to 5^ for every n. Since g n p, 
g' n ->• p' in X(G, H, d G )UdX(G, H, d G ) andp ^ p', there exists N x > and iV 2 > 
such that for any n> N x , 7H : «n{x 6 X(G,H, d G ) | d X (G,H,d G )( e ' x ) ^ ^2} # 
0. On the other hand, since g n — > q, g' n — > q in X(G, K, da) U dX(G, K, da), for 
any M > 0, there exists 7V3 > such that for any n > N3, dx( G ,K,ci G )( e , 7k,«) > 
M. □ 

Proof of Theorem \l.l[ For every (31,(72) G G x G, we fix four paths from gi 
to g 2 : the first path which is denoted by 711(51,52) is a geodesic in r(G,H, S 1 ); 
the second path which is denoted by Tic (51, 52) is a minimal lift of 71(51,52) 
in r(G, K, S); the third path which is denoted by 713(51,52) is the typical lift 
of 711(51,52) in X(G, H, d G ); the fourth path which is denoted by 7k(5i,52) is 
the typical lift of 7k (51, 52) in X(G, K, da)- We note that G n 73(51,52) = 
G n 71(51, 52) C G n 7k (51, 52) = G n 75(51, 52). It follows from Lemma [O] 
and Lemma 13.41 that we have constants /1 > 1 and G > such that for any 
(51^52) G G x G, 75(51,52), 7h(5i,52) and 7k(5i,5 2 ) are (p, G)-quasigeodesics 
in T(G,K,S), X(G,M,d G ) and X{G,K,d G ), respectively. Since X(G,H,d G ) 
and X(G, K, d G ) are hyperbolic, we have a constant c > such that for any 
(51,52) G G x G, 70(51,52) is contained in a c-neighborhood of any geodesic 
from gi to 52 in X(G, H, d G ) and also 7k(5i, 52) is contained in a c-neighborhood 
of any geodesic from g\ to 52 in X(G, K, do). 

We take a function /1 in Lemma 13.51 and a function fi in Lemma 14.11 We 
consider a function F : [0, 00) B 1 1-> /i(/2(max{i — c, 0})) - cel. Then F is 
non-decreasing and satisfies F(t) — > 00 as t — > 00. 

We take t > 0, (51,52) G G x G, a geodesic 7^ from <?i to 52 in X(G, K, d G ) 
and a geodesic 7g from gi to 52 in X(G, H, d G ). We suppose that dx(G,K,d G ) ( e , 7k) > 
t. Then we have d X ( G ,K,d G ) (e, 7k(5i, 52)) > * - c and thus d X (G,K,d G )(e, G CI 
7k(5i,52)) >£-e. We have dx( G ,H,d G )( e , Gn 7H(5i,52)) > /2(dx( G ,K,d G )(e, Gn 
7k(5i,52))) > /2(niax{t — c, 0}) by Lemma |4~T1 It follows from Lemma |3~51 that 
we have d X ( GAdG )(e, 75(51,52)) > /i(/ 2 (max{i-c, 0})). We have d X ( GJMG) (e, 7^) > 
/ 1 (/ 2 (max{t-c,0}))-c = F(t). 

For any N > 0, we can take M > such that F(Af) > TV because F(t) -> 00 
as i — > 00. Then Af satisfies the condition in Lemma 14.31 Hence we have 
a G-equivariant continuous map from <9X (G, K, d G ) to 9X(G,H,d G ). Since 
<W(G,K, d G ) is G-equivariant homeomorphic to X and dX(G,M,dc) is G- 
equivariant homeomorphic to Y , we have a G-equivariant continuous map from 
X toY. □ 

Corollary 4.4. Let G be a countable group and X and Y be compact metriz- 
able spaces endowed with geometrically finite convergence actions of G. Let 
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tj> ; G — > G be an automorphism of G. Suppose that (f>($j(X)) — > Sj(Y). Then 
we have a continuous surjective map tt : X — > Y such that ir(gx) ~ 4>(g)Tr(x) 
for any g £ G and any x £ X . Moreover cj) Utt : GU X ^> GUY is continuous. 

Proof. This follows from Theorem ll.il Remark 11.31 and Lemma \2. 41 □ 

Proof of Proposition \1.1(A Let G be a countable group and Xo be a compact 
metrizable space with a geometrically finite convergence action of G. We con- 
sider the set {Ik | k £ N} of all loxodromic elements of G. We denote the 
virtual normalizer Vc(lk) of Ik by H/-- Also we denote the conjugacy class rep- 
resented by Hk by S)' k . When we put S)q :— f){X), fj„ := $){X) U Ufc=i^>fc * s 
also a proper relatively hyperbolic structure for every n £ N. In fact if Sj n -\ 
is a proper relatively hyperbolic structure, then H n belongs to fy n -i \ $)o or is 
hyperbolically embedded into G relative to $) n -i ( 25, Corollary 1.7]). Hence 
-ftn = -^n-i Uio^j is a proper relatively hyperbolic structure on G. When we take 
a compact metrizable space X n endowed with a geometrically finite convergence 
action such that $}(X n ) = f)„ for every n £ N, we have a unique G-equivariant 
surjection ir n : X n -\ — > X n for every n £ N by theorem 11.11 and Remark 11.31 
Then the directed limit Xoo := lim „gpjX n is not Hausdorff. Indeed assume that 
Xoo is Hausdorff. Then the action of G on Xoo is a non-elementary convergence 
action. Hence we have a loxodromic element I £ G with respect to X^. Then 
/ is also loxodromic with respect to Xo. However / is an element of a parabolic 
subgroup with respect to X n for some n. In particular I has exactly one fixed 
point in Xoo . This contradicts the assumption that I is loxodromic with respect 

to Xoo. 

Assume that there exists a common blow-down Y of all X n . We have a 
loxodromic element I £ G with respect to Y . Since each X n is a blow-up of Y, I 
is a loxodromic element with respect to each X n . This contradicts the fact that 
/ is an element of a parabolic subgroup with respect to some X n . □ 

5 Proofs of Theorem 11.41 and Theorem 11.51 

In order to prove Theorem II .4[ we need the following: 

Lemma 5.1. Let £(0) be a finitely generated and virtually non-abelian free 
group. Then there exists a sequence of subgroups {L(k)}k£^ satisfying the 
following: 

(1) L{k) is isomorphic to a finitely generated and virtually non-abelian free 
group for any k £ N; 

(2) L{k) is an almost malnormal and quasiconvex subgroup of L{k — 1) for 
every k £ N; 

(3) HfceN i s a nm te subgroup of L(0). 
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Proof. We fix a finite index free subgroup M(0) of L(0) and put M (0) \ {e} = 
{mfe | fc £ N}. We construct £(fc) inductively. Suppose that — 1) is con- 
structed for a positive integer k £ N. If mfc does not belong to L(k — 1), we put 
L(k) — L(k — 1). If rrifc belongs to L(k — 1), then we have an infinite virtually 
cyclic subgroup E(k) of L(k — 1) which contains mu and satisfies that L(k — 1) 
is hyperbolic relative to {E(k)} by [321 Corollary 1.7]. It follows from Theo- 
rem [BTT] (or (2T1 Theorem 1.2]) that there exists a subgroup L(k) of L(k — 1) 
satisfying the following: 

(i) L{k) is hnitely generated, virtually non-abelian free; 

(ii) L(k — 1) is hyperbolic relative to {E(k), L(k)}. 

By [251 Theorem 1.5], L(k) is an almost malnormal and quasiconvex subgroup 
of L(k - 1) for every k £ N. By Proposition 2.36], n L(k) is finite and 
thus mk does not belong to L(k) for every A; £ N. Hence we have (HfeeN L(k)) fl 
M(0) = {e}. Since M(0) is a finite index subgroup of L(0), f] keN L(k) is 
finite. □ 

Proof of Theorem[m By Theorem ED (or 21, Theorem 1.2]), G admits a 
finitely generated and virtually non-abelian free subgroup L(0) which is hyper- 
bolically embedded into G relative to F)(X). We take a sequence {L(n)}„ e N of 
subgroups of L(0) described in Lemma 15. II and for each n£N, we put 

4 = {PCi(n-l) | P = ILinjr 1 for some I £ L(n - 1)}. 

For each n £ N, & n is a proper relatively hyperbolic structure on L(n — 1) and 
hence there exists a finitely generated and virtually non-abelian free subgroup 
H(n,n) of L(n — 1) which is hyperbolically embedded into L(n — 1) relative 
to Kn by Theorem lB.il (or Theorem 1.2]). We take a sequence {H(n, n + 
m)} m£ f( of subgroups of H(n,n) described in Lemma [57X1 for each n £ N, that 
is, {H(n,n + m)} m£ N satisfies the following: 

• H(n, n + m) is isomorphic to a finitely generated and virtually non-abelian 
free group for any m £ N; 

• H (n, n+m) is an almost malnormal and quasiconvex subgroup of -ff (n, n+ 
m — 1) for every m G N; 

• HmeN ^{ n i n + m ) i s a finite subgroup of H (n, n). 
For each A 6 {0, 1} N and each n S N, we put 

/(A, n) = {i G N | i < n and A(i) = 1} 

and 

■f^ n) = io(X) U |J {P C G | P = gH(i, ri)g- 1 for some g £ G} 
U {P C G I P = gLinjg- 1 for some g £ G}. 
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We can confirm that Sy^ is a proper relatively hyperbolic structure on G by 
using [25j Theorem 1.5]. Also we haveij^ — > if n > m. We take a compact 
metrizable space X^ 1 endowed with a geometrically finite convergence action 
of G such that Sj(X { ™ } ) = i^ n) . By Theorem ED X x l) is a blow-up of X ( ™ ] if 
n > m. We put X\ = \^m n< =fjX^ l K 

Now we prove the assertions (1) and (2). Since we have $j(X) — > S^{X^) 
for each n € N, it follows from Theorem 11.11 that is a blow-down of X. 

Hence the induced action of G on X\ is a minimal non-elementary convergence 
action and X\ is a blow-down of X such that Sj(X\) = AneN^A by Lemma 
12.61 and Lemma \2. 71 Moreover we have S)(X\) = S){X) by the condition (3) in 
Lemma 15. II 

Next we prove the assertion (3). Take any A, A' G {0,1} N . If A _1 ({1}) D 
A /_1 ({1}), then we can confirm that X\ is a blow-down of Xy in a similar 
way to the above argument. Now we suppose that A(n) = and A'(n) = 1 
for some n. Since H (n, n) is strongly quasiconvex relative to in G, the 
limit set A{H{n 1 n), X^f 1 ) endowed with the induced action of H(n,n) con- 
sists of conical limit points (see [TH1 Theorem 1.2]). Since A(H(n, n), X\) is 
a blow-up of A(H(n, n), X^), it follows from Lemma 12.31 (3) that the limit 
set A(H(n,n),X\) endowed with the induced action of H(n,n) also consists 
of conical limit points. On the other hand A(H(n, n), X\>) endowed with the 
induced action of H (n, n) has a point which is not conical. Indeed we take the 
parabolic point p m G X^ +m ^ of H(n,n + m) for each m G N U {0}. Then 
{Pm}mgNu{0} defines a unique point py of Xy. Since any p m is not a conical 
limit point of X^ +m ^ with respect to the induced action of H (n, n), it follows 
from Lemma |2 . 71 that py is not a conical limit point of Xy with respect to the 
induced action of H(n,n). Also since po is a bounded parabolic point of Xy 
and its maximal parabolic subgroup is H(n,n), it follows from Lemma 12.31 (4) 
that py belongs to A(H(n,n),X\>). Assume that X\ is a blow-down of Xy. 
Then A(H(n, n), X\) is also a blow-down of A(H(n, n), Xy). In view of Lemma 
12.31 (3). this contradicts the facts that A(H(n, n), X\) consists of conical limit 
points and that A(H(n,n),Xy) has a point which is not conical. 

The assertion (4) follows from the assertion (3). 

Since Sj(X) is a proper relatively hyperbolic structure on G, the assertion 
(5) follows from the assertion (1) and (4). □ 

Remark 5.2. We consider a characteristic function X{i,....n] G {0, 1} N for each 
n G N. We define X n by X X{1 , for each n G N on the above proof, and put 
Xq = X. Then X n is a blow-down of X m for n, m G N U {0} such that n > m. 
We can easily confirm that X n for each n G N U {0} has exactly n G-orbits of 
points which are neither conical nor parabolic. Since any conjugacy between 
minimal non-elementary convergence actions of G preserves conical limit points 
and parabolic points, X n and X m for any different n,m G NU {0} are not 
conjugate. 
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Remark 5.3. Suppose that G is finitely generated and G has a compact metriz- 
able space X endowed with a geometrically finite convergence group action. 
Since Out(G) is countable, it follows from Theorem 11.41 that the set of all 
conjugacy classes of minimal non-elementary convergence actions of G whose 
peripheral structures are equal to -f)(X) is uncountable. 

Proof of Theorem \1.5l This is proved in a similar way in Proof of Theorem II. 41 
where {H(n,n + m)} m(E N is replaced by {H(n,n)} rne jq for each m, n G N. Wc 
omit details. □ 



6 Proof of Theorem 11.7 

The following is a corollary of [6l Proposition 1.10] (see also [30j Theorem 1.1]): 

Lemma 6.1. Let G be a finitely generated group. Let {Xi}i £ i be a finite family 
of compact metrizable spaces endowed with geometrically finite convergence 
actions of G. Let Z be a compact metrizable space endowed with a geometrically 
finite convergence action of G and iTi : Z — > Xi be a G-equivariant continuous 
map for every i E I. When we take Hi G S)(Xi) for every i G I, we have 

Proof. We take i E I and Hi G Sj(Xi). The induced action of Hi on Z is 
elementary or geometrically finite (see for example [3lJ Theorem 1.1]). Also 
when we take g ^ Hi and the parabolic points p G Xi of Hi and q G Xj 
of gHig~ x , we have p ^ q. Hence we have n~ 1 (p) n T$ (<z) = and thus 
A(Hi, Z) n gA(Hi, Z) = 0. In particular is fully quasiconvex with respect to 
Z. When we use [6l Proposition 1.10] inductively, we have the assertion. □ 

Proof of Theorem \1.7\ First we suppose that / is a finite index set. Since I 
is a finite set, f\ ieI Sj(Xi) is a proper relatively hyperbolic structure by [20l 
Proposition 7.1]. Hence we have a compact metrizable space Z endowed with a 
geometrically finite convergence action such that S)(Z) = S){Xi). It follows 
from Theorem 11.11 that we have a G-equivariant continuous map "Ki : Z — > Xi 
for every i G /. The image of Y\ ieI ~k% ■ Z — > Jlie/ ^ i s Aiei Xi and the action 
of G on Xi is a minimal non-elementary convergence action such that 
fi(/\ ieI Xi) = /\ ieI Sj{Xi) byLemmaHH We take {n} ie i G /\ ieI X t . If r, G X 
is conical for some i 6 /, then {r^}^/ is conical and thus (IliG/ 7r *) _ ({ r »}«e^) 
consists of one point by Lemma 12.31 (3). Suppose that G X^ is parabolic 
and Hi G -f)(Xi) is the maximal parabolic subgroup for every i £ /. Since 
/ is a finite set, we have f] ieI ^{n) = f|i e / A(H l7 Z) = K(^\ ieI H^Z) by 
Lemma ET51 (4) and Lemma O If f)iei H i is nnite > then HP\ ie i H u Z) = 0. 
This contradicts the fact that {r^}^/ belongs to the image of Hie/ 71 "' : % ~^ 
Y\ ieI Xi. If f] ieI Hi is infinite, then f] ieI Hi is parabolic and thus A(P| iG/ Hi, Z) 
consists of one point. Hence (Y\ ieI ({ri}i£i) consists of one point. Thus 
Z 3 z i— > {7Ti(z)}ig7 G Xi is a G-equivariant homeomorphism. 

Next we suppose that / is not necessarily finite. We consider a countable 
directed non-empty set J consisting of finite subsets of /, where j < j' for each 
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€ J is denned by j C j' . We define Xj := /\ iej Xi for each j G J and the 
natural G-equivariant surjection Wjji : Xj' — > Xj for each j, j' G J such that 
j < j' . Since the action of G on X,- is a geometrically finite convergence action 
by the former argument, we have a projective system of geometrically finite 
convergence actions of G. Since J is countable, |im,-gjXj is naturally endowed 
with a minimal non-elementary convergence action of G by Lemma 12.71 We 
have a G-equivariant continuous map 7Tj : Uni/gjX,- — > X, for any i £ 7. Hence 
it follows from Lemma \2. 61 that the image of Yl i£l Tij ■ Unx/e jXj — > Iligj -^i i s 
Ajei Xj an d the action of G on Ajpj X% is a non-elementary convergence action 
such that Jo(A ieJ X 4 ) = /\ teI Sj(X z ). □ 

Remark 6.2. On the last part, we can prove that lim ? gjX, and /\ ^e^ Xj are 
G-equivariant homeomorphic. Indeed we have the natural projection f\ i£l Xj — ¥ 
Xj for any j £ J and thus we have a G-equivariant continuous map /Wj Xj — >■ 
hnijejX'j. It follows from Lemma [2.31 (2) that Unx /g jXj and f\ ieI Xi are G- 
equi variant homeomorphic. 

Appendix A Groups with no non- elementary con- 
vergence actions 

There exists a criterion for countable groups to have no proper relatively hyper- 
bolic structures (see [THl Theorem 1] together with Definition 1], and also 
[U Theorem 2]). In this appendix we show a similar criterion (Corollary IA.2[) 
for countable groups to have no non-elementary convergence actions. It follows 
from the criterion that SL(n,Z) (n > 3), the mapping class group of an ori- 
entable surface of genus g with p punctures, where 3g + p > 5 and so on have 
no non-elementary convergence actions by the same argument in |19l Section 
8]. We note that a countable group with no subgroups which are isomorphic 
to the free group of rank 2 has no non-elementary convergence actions (see (2"T1 
Theorem 2U]). 

Let G be a group with a family {Ga}agA of subgroups such that G is gener- 
ated by UasA^a- We consider a property (P) defined for groups. We define a 
(P)-graphr({GA}AeA, (P)) of {Ga}agA as follows: the set of vertices is {Ga}agA 
and the set of edges is {Ga, m | Ga, m satisfies (P),A,/x e A,A / fj,}, where Ga,^ 
is a subgroup of G generated by Ga and G M . An edge Ga,^ has two ends Ga 
and G M . Suppose that S is a generating set of G. Then we consider a family 
{(s)} sGS of subgroups of G and we denote r({(s)} seS , (P)) by T(S, (P)). We 
note that r(5, (P)) has been studied (see [TH1 Introduction]). 

If a countable group G is infinite and has no non-elementary convergence 
actions, then we say that G satisfies (£ = 1,2). 

Proposition A.l. Let G be a countable group with a family {Ga}agA of in- 
finite subgroups such that G is generated by UagA^- ^ the = l>2)-graph 
r({G A }AeA, (I = 1, 2)) is connected, then G satisfies [i = 1, 2). 
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Proof. We consider a convergence action of G on a compact metrizable space 
X. 

We assume that for some A and /x such that A ^ fi, G\ 4l is a parabolic 
subgroup. We denote the parabolic point by p G X. Then G\ and G M are 
parabolic subgroups and fix p. For each A' £ A such that G\ t \< satisfies (I — 1 , 2), 
G\ t \' cannot have loxodromic elements. Hence G\ t \i fixes p and thus G\.y is 
parabolic. Then Gy is also parabolic and fixes p. Since r({G a } Qe A, {I — 1,2)) 
is connected, for any a G A, G a fixes p. Thus G fixes p since G is generated 
byU a6 A^«- Since G contains Ga, m and thus cannot contain any loxodromic 
elements, G is parabolic. 

We assume that for any A and /i such that A / /i, G\ ifl is not parabolic. 
We take Ga, m which is an edge. Then A(G\^,X) is a set of exactly two points 
r, a G X and thus G\^ is virtually infinite cyclic. Hence G\ is virtually infinite 
cyclic and has a loxodromic element which fixes r,a G X . For each A' G A 
such that G\,y is an edge, Ga,a' have a loxodromic element. Hence A(Ga,a' , X) 
is a set of exactly two points r.a G A". For any a G A, G Q fixes r, a since 
r({G a } ae A, (I = 1,2)) is connected. Thus G fixes r, a since G is generated by 
UagA ^A- Hence A(G, X) is the set of exactly two points r, a G X. □ 

A group satisfies (A) if G is abelian. Since infinite abelian groups satisfy 
(£ = 1,2), we have the following (compare with p] Theorem 2]): 

Corollary A. 2. Let G be a countable group with a generating set S of G. 
Suppose that any element of S is of infinite order. If the (A)-graph T(S, (A)) is 
connected, then G satisfies (£ = 1,2). 

Appendix B Hyperbolically embedded virtually 
free subgroups of relatively hyper- 
bolic groups 

In this appendix, we give a remark on hyperbolically embedded subgroups of 
relatively hyperbolic groups in the sense of [25] as a continuation of [21]. After 
the first version of [21j appeared, the notion of a hyperbolically embedded sub- 
group was further generalized in [7] . We see that the argument in the proof of 
Theorem 6.14 (c)] gives an alternative proof of [3TJ Theorem 1.2]. In fact we 
have a stronger version of [HI Theorem 1.2]. 

Theorem B.l. Suppose that a group G is not virtually cyclic and is hyperbolic 
relative to a family IK of proper subgroups in the sense of [24] . Then G contains 
a maximal finite normal subgroup K{G). Moreover for every positive integer 
m, there exists a subgroup H of G such that H is the direct product of a free 
subgroup of rank to and K(G) and that H is hyperbolically embedded into G 
relative to K. 

Proof. The former assertion follows from [2] Lemma 3.3]. 
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We prove the latter assertion. For the case where m = 1, the assertion 
follows from [25l Corollaries 1.7 and 4.5] and [H Lemma 3.8]. We prove the 
assertion for the case where m = 2. For the case where m > 2, the assertion is 
proved by changing notation. 

Let X be a finite generating set of G relative to K. We put /C = \J KeK K\{1} 
and Y = X U K. By [25, Corollaries 1.7 and 4.5] and Lemma 3.8], G contains 
subgroups -Ei, . . . ,Eq of G such that G is hyperbolic relative to KU{£a, . . . , E^} 
and for each i G {1, . . . , 6}, we have Ei = (gi) x K(G) for some element gi of G. 
We put £ = Uti ^ \ I 1 !- 

For each i S {1, . . . , 6}, we denote by di the relative metric on Ei defined in 
[7, Definition 4.2] by using the Cayley graph r(G,y U £). We take a positive 
integer n such that for each i G {1, . . . , 6}, we have df(l, gf) > 50D, where D = 
D(l, 0) is given by Proposition 4.14] applied to the Cayley graph r(G, Y U£). 
We put x = 3i32 53 an d y = 94 95 96- We denote by H the subgroup of G which 
is generated by {x,y} and K{G). 

Since for each i £ {1, . . . ,6}, the subgroup (gi) commutes with K{G), we 
have H = (x,y) x K{G). As mentioned in the proof of [71 Theorem 6.14 (c)], 
the subgroup (x, y) is a free group of rank two. 

Let r = 7*1 . . . rfc be a path in T(G, Y Li £) such that for each j G {1, . . . , fc}, 
the label of the edge Vj belongs to {(gi g% g^^ 1 , (9% 9% gE)^} ■ Here for each 
i G {1, . . . , 6}, we think of g™ as a letter in £. By [7, Lemma 4.20], the path r is 
a (4, l)-quasigeodesic. Now we consider the metrics on {x, y), H and G induced 
by the Cayley graphs T((x, y), {x, y}), T(H, {x, y} U K{G)) and r(G, Y U £), 
respectively. Then the natural embedding from {x, y) into G is quasi-isometric. 
Since H contains {x, y) as a finite index subgroup, the natural embedding from 
H into G is also quasi-isometric. 

By the proof of [Jj Theorem 6.14 (c)], the subgroup H is hyperbolically 
embedded in G in the sense of [Jj. Hence H is almost malnormal in G by [Jj 
Proposition 2.8]. 

Therefore G is hyperbolic relative to KU{£d, . . . , E 6 }l){H} by [25l Theorem 
1.5]. Since for each i G {1, ... ,6}, the subgroup Ei is a hyperbolic group, the 
group G is hyperbolic relative to KU {H} by [24J Theorem 2.40]. □ 
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